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Recall Last time given some non trivial sweepouts Et we

can do Min Max theory to obtain a Min Max seq of surfaces
as

n vanifold
2 en i V nil 2 t ngI2gI

stationary where ni e 1N Zi C M smoothembedded
varifold

min hypersurfaces

withsingular set of codm 7
when din M 38

Recall Yau's Conjecture

Every closed M g say n ti 3 contains ly many
smooth closed embedded min hypersurfaces

Thm Almgren Pitts Schoen Simon I at least one min hypersurface

Note Lawson 70 constructed N ly many min surfaces in 8 ground

In Marques Neves Invent Math 2017 theyproved
or Frankelproperly

Thm A Yau's conjecture holds if CM g has Ric 0

Remarks when n 1138 then there may be small singular sets

when n 11 3 then CM g Ditto S Hamilton82 Ricciflow

Q why Ric o is needed 8 ground

A Rio so Frankel Properly z



Thur Frankel 66 Let Mn g be closed with Ric 0

Then any two closed embedded min hypersurf 2 i Ez in M

must intersect somewhere ie E n 22 1 0

Proof Suppose NOT Then Ei 22 bounds a region I in M
ntlM Ii 22 are homologous in A

aminimuist.EE iEi ii sn a
22
By G M T is smooth away from small

singular set So is stable contradicts
Riom Zo

D

Key Approach to prove Thm A

Apply Lusternik Schnirelmann theory also a countingargument

to the space of cycles mod 2 lie with Zz coefficients

Lusternik sohu.ie

mcnnt
oion

Morr

need f Morse
ie ontptsare non deg

E.g f S2 IR Eg f T2 IR

t nascent

0 nagging
Tf

pts Crit points

Our setting N spaceof r f Areafunctional
cycles



Topology of the space of cycles mod 2

Notation Mn g closed orientable Riem mfd
w flat Inca

2k Mi 212 k dim cycles in M mod 2 topology

Almgren Isomorphism Tel2k Mizz I Hh e MsZz
When k n dim M 1 Cwdim 1 case

Ti Zn1M Zz I Hne M Zz E Zz

Tle Za M Zz Hn ie Ms Zr 0 whenever l 32

Zn Mizz r BRA 1322
homotopic
equivalent

7 homotopically non trivial k parameter families of

hypersurfaces to do Min Max like IRPk E CRIP

Picture Q why Zz coefficients

aim

2 I cover
like s CRAY a

v

2 n M Zz



Gromov 88 regard 2 CM as I f o for some

function f M IR
a drinkprojectilespace

Area f M R scaling 7 IR o

Area f Area Cf ol
Area faf o b constant At 0

Q what is the spectrum of this function defined

via Rayleigh quotient volume spectrum

Instead of homopoty type of ZnCM Zz as IRR we will

use the structure of the cohomology ring of 421pA
Cupproductstructure

H BRD Zz Zz I a aot a It tanaka aia Zz

polynomialring
gen by a with Zzcoeff

where I e H BPA Zz E Zz is the generator

Niles Hk Bpa Zz fo th I I 212

Geometric meaning of A
A Cts family 8 S In MiZz hence 8 C Hi In Mi2h Z

is a non trivial sweepout

I 1 E Zz

H Hi



More generally we define n

Def Let II be a finite dime simplicial complex leg I Aka

A Cts map OI I 2 n Mizz is called a k sweepout

if it detects the cohomology class AKE Hk 2nlm Zz Zz
i.e OI 5k to C Hk Is 22

Def For any closed M g we can define for each k EIN

a geometric invariant called the K width of CM g by

Wh M g inf

E EE Meany

Remarks The domain XI of OI can vary
htt sweepouts are also k sweepouts OI I Zu Mizz

a 8 540845
since 5h to E Hh XI Zz

OI 5k to E HMI 3

So we have a sequence

Wi Mig E Wz M g E wzCMg E r E Wh Mog E n

called the volume spectrum of M g

r
highly non linear version of the spectrum

and VERY DIFFICULT to compute



Example Mut g 3 g5 round metric

Prop For 8 g W Wz Ws Wy 4T

Note 41T area of totallygeodesic 8 C's

proof Claim Wit E 41T

I 4 sweepout RIP ZzCS Zz given by

Ao Ai Az Az ay
X Xi c k X3 X4 E S3 E IR4

Got AiX tayX4 O

a An.az
ay

y

83 cR4

area 4 I
a f 4xy ao

Claim 4T E wi w n Area E Z 40Th

By Min Max Theory W is achieved by some min 2 83

up to integer multiplicities which has
byMonotonicity

area E 3 area S2 4T formula
b

Theme Ws 8 g 2T 41T

NIU 211
2 area of Clifford torus in 83

Proof is extremely long difficult require the solution

of the Willmore Conjecture Marque Neves 14

Open Q compute Wh C's 57 for k 36



Although it is very difficult to compute the actual valves

of Wh even for g one can still study their

general asymptotic behavior as k 200

Ef Weyl asymptoticformula for S spectrum

1hm Gromov Guth 09 7 Ci Cr 0 depends on CM cg St

1
C k 1 E W M g E Czk Nti V ke IN

k

i.e Wh grows sub linearly in h

f
y ax't

Wh

Conjecture Gromov
ntl

The volume spectrum Wh Mig obeys a Weyl Law

similar in from the classical Weyl law for S spectrum


